We propose a new group-theoretical (Chern-Simons) formulation for the bi-metric theory of gravity in (2+1)-dimensional spacetime which describe two interacting massless spin-2 fields. Our model has been formulated in terms of two dreibeins rather than two metrics. We obtain our Chern-Simons gravity model by gauging mixed AdS-AdS Lie algebra and show that it has a two dimensional conformal field theory (CFT) at the boundary of the anti de Sitter (AdS) solution. We show that the central charge of the dual CFT is proportional to the mass of the AdS solution. We also study cosmological implications of our massless bi-gravity model.
I. INTRODUCTION
Einstein's general relativity is a field theory which describes interactions of a single massless spin-2 particle (graviton). Because many of the proposal theories for quantum gravity such as M-theory and (super)string theory have a massless graviton in their spectrum, obtaining a quantum theory of massless interacting spin-2 fields may be a useful way for solving the problem of finding a consistent quantum theory of gravity. It has been proved that does not exist any consistent theory (with at most two derivatives of fields) involving interactions of many massless spin-2 fields in spacetime dimensions d > 3, because an unphysical scalar mode of negative energy (ghost) appears in such theories [1] . Although, in (2+1)-dimensional spacetime a consistent interacting theory of many massless spin-2 fields has been constructed in [2] , but physical consequences of such a (2+1)-dimensional interacting model of massless spin-2 fields has not been studied in detail. Theories which describe massless spin-2 fields in (2+1)-dimensional spacetime, have no local degrees of freedom (DOF), hence the Chern-Simons theory is a suitable candidate to construct a (2+1)-dimensional interacting theory of massless spin-2 fields. (2+1)-dimensional Chern-Simons theory (with any gauge group) is a topological model and has no local DOF. Part of interests in (2+1)-dimensional gravity come from simplifying features of the quantum theory arising from the lower dimension. In particular, (2+1)-dimensional (Chern-Simons) gravity models (with negative cosmological constant) could have AdS 3 /CF T 2 correspondence, in which a (2+1)-dimensional quantum gravity in an asymptotically AdS spacetime is equivalent to a two dimensional CFT, defined on the asymptotic boundary of AdS spacetime. In (2+1)-dimensional spacetime, various Chern-Simons gravity models such as general relativity with zero, negative or positive cosmological constants, conformal gravity, Maxwell and AdSLorentz gravities have been constructed by gauging their appropriate gauge groups [3] [4] [5] [6] [7] [8] [9] [10] [11] . Moreover, it has been shown that some three dimensional massive gravity models such as Fierz-Pauli theory [12] , topologically massive gravity [13] [14] [15] [16] , new massive gravity [17] [18] [19] [20] , zweidreibein gravity (ZDG) [21] , and general zwei-dreibein gravity (GZDG) [22] , have Chern-Simons-like formulations [23] , and in contrary to the Chern-Simons theories have local DOF and propagating massive spin-2 modes. Both ZDG and GZDG describe two interacting massive spin-2 modes.
On the other hand, to understand the recent observational data in cosmology which indicate that the expansion of the universe is accelerating, it is common to formulate new theories of the gravitational interaction, and study their cosmological implications. A natural possibility for extending known classical field theories is to include additional spin-2 fields and interactions. Including spin-2 interactions modifies general relativity at large distances. Bi-metric theory is therefore a candidate to explain the accelerated expansion of the universe. The interactions could change some of the dynamics of the gravitational theory which could be relevant for cosmological applications. This is one of the motivations of massive and bi-metric theories of gravity, which changes the long-distance behaviour of the gravitational field, making them candidate theories of dark matter and energy.
In this paper, we propose a new group-theoretical (Chern-Simons) formulation for the bi-metric theory of gravity in (2+1)-dimensional spacetime such that it describes two interacting massless spin-2 particles. Our bimetric model, similar to the ZDG model, has been formulated in terms of two dreibeins rather than two metric tensors. But, unlike the ZDG which is a massive gravity model, our model can be viewed as a massless zweidreibein gravity theory.
In section two, we introduce a new Lie algebra with two anti de Sitter subalgebras in 2+1 spacetime dimensions. Then, we construct a Chern-Simons gravity model using the obtained Lie algebra as a gauge algebra. Our model contains a pair of dreibeins together with their corresponding spin connections. Our ghost-free model which has a suitable free field limit, has no local degrees of freedom and describes two interacting massless spin-2 fields. We obtain an AdS solution to the equations of motion involving a pair of AdS spacetime metrics, and calculate the mass of the solution. In section three, we show that the model has a dual CFT at the boundary of the AdS spacetime solution, whose central charge is proportional to the mass of the AdS solution. We show that this result is valid also in the ZDG model. In section four, we discuss about cosmological implications of the model, and show that it admits some homogeneous and isotropic Friedmann-Robertson-Walker solutions. Section five is devoted to the concluding remarks.
II. (2+1)-DIMENSIONAL CHERN-SIMONS BI-GRAVITY MODEL
In this section, we introduce a new Lie algebra in (2+1)-dimensional spacetime, which has two anti de Sitter subalgebras. In (2+1)-dimensional spacetime, the commutation relations for the 12-dimensional mixed AdSAdS Lie algebra has the following form:
where ℓ −2 = −Λ andl −2 =−Λ are constants, ǫ 012 = −1, and J a ,J a and P a ,P a (a = 0, 1, 2) are the Lorentz and translation generators, respectively. The algebra indices a, b, c can be rised and lowered by (2+1)-dimensional Minkowski metric η ab = diag (−1, 1, 1) . In what follows, we use the mixed AdS-AdS Lie algebra (1) to construct a (2+1)-dimensional Chern-Simons gravity model. The Lie algebra (1) admits the following bilinear quadratic form [24] :
where α, β and γ are arbitrary constants. The adinvariant metric (2) is non-degenerate for β = 0, β = α, β = γ. The mixed AdS-AdS Lie algebra valued MurerCartan one-form gauge field h = h µ dx µ can be written as:
where the Greek indices µ = 0, 1, 2 are the spacetime indices, e a µ , ω a µ are the dreibein and spin connection corresponding to the generators P a , J a , andẽ a µ ,ω a µ are dreibein and spin connection corresponding to the generatorsP a ,J a , respectively. The curvature two-form tensor corresponding to the algebra (1) has the following form:
where the torsion tensors T 
where the covariant derivatives with respect to the spin connections ω a µ andω a µ have the following forms:
We use the ad-invariant metric (2), the one-form gauge field (3), and the Chern-Simons action:
, to construct a (2+1)-dimensional gauge invariant Chern-Simons bi-metric gravity as follows:
where two first terms are 
where I EC is the Einstein-Cartan Theory (EC) in 2+1 dimensions as follows:
and similarly for I EC (ω,ẽ,Λ), and the Lorentz-ChernSimons term L LCS , has the following form:
The action (7) is a bi-metric theory of gravity (bi-gravity) which contains two spacetime metrics g µν = e (7) is a gauge invariant pure Chern-Simons action without any local degrees of freedom, and then it is a ghost-free model which describes two interacting massless spin-2 fields in 2+1 spacetime dimensions. For β → 0, [33] one obtains free field limit of the action (7) as follows:
which is also a ghost-free Chern-Simons action without local degrees of freedom, and describes two noninteracting massless spin-2 fields. For α = γ = 0, β = 0 in (2), one obtains another bi-metric Chern-Simons action, smaller than (7) as follows:
which is a ghost-free pure Chern-Simons action similar to (7), and has no local degrees of freedom. It describes two interacting massless spin-2 fields. In absence of the interaction terms, the free field limit of the action (10) is exactly the sum of two independent Einstein-Cartan actions:
which describes two non-interacting massless spin-2 fields [1] . Although the model (7) is an interacting model of two massless spin-2 fields, but for a special values of the constants α, β, γ in the ad-invariant metric (2), it can be changed to a non-interacting model describing two noninteracting massless spin-2 fields. In fact, for α = γ = β 2 , the following map:
transforms the model (7) to the sum of two independent Einstein-Cartan actions (similar to (11)) [1] . Assuming the following relations among fields and constants:
the action (7) can be rewritten as follows: where I GZDG is the "general zwei-dreibein gravity" action [22, 23] ,
with µ =m α2 β2
, and "zwei-dreibein gravity" I ZDG has the following form [21, 25] :
where M p is the Planck mass, σ = ±1 is a sign parameter, α 1 and α 2 are cosmological parameters, β 1 and β 2 are coupling constants, and e a Iµ and ω a Iµ (I = 1, 2) are pairs of dreibein and spin connection one-forms, respectively. Indeed, the GZDG action is obtained as a part of our group theoretical model (7), using the Chern-Simons formulation, where adding the extra terms to the GZDG action changes the GZDG massive theory to our massless model. By varying each of the actions (7) or (10), one obtains same equations of motion as follows:
where T 
A. Anti de Sitter solution
We obtain the following solution for the equations of motion (16) , which contains two anti de Sitter metrics:
where
and spin connections ω a (r) andω a (r):
where {x 0 , x 1 , x 2 } = {t, r, ϕ} are the coordinates of the spacetime, and b 1 and b 2 are arbitrary constants. We define our gravity as: e a =ẽ a ≡ē a (or equivalently g µν = f µν ≡ḡ µν ), whereē a is the dreibein related to the AdS spacetime metricḡ µν . Now, we write the quasilocal stress tensor [26, 27] defined locally on the boundary of the AdS spacetime metricḡ µν as follows:
whereγ ij (i, j = 0, 2) is the boundary metric of the spacetime metricḡ µν , andγ = det(γ ij ). Varying the action (7) produces a bulk term, which is zero using the equations of motion, plus a boundary term which can be removed by adding the following boundary term to the action (7):
where we add the following counterterm
to obtain a finite stress tensor T ij at infinity (r → ∞) [27] . Then, the regularized quasilocal stress tensors is:
The mass of the AdS solution (17)- (19) is defined [27] as:
is the timelike unit normal to spacelike surface at the boundary of the AdS spacetime. The mass equals the value of the integral when it is computed at (r → ∞),
By substituting α = γ = 0 in (24), which is obtained for the model (7), one obtains the mass of the AdS solution for the model (10).
III. AdS3/CF T2 CORRESPONDENCE
In this section, we show that (2+1)-dimensional bigravity model (7) has a two dimensional dual conformal field theory at the boundary of the AdS spacetime. Using the following redefinitions of the generators: (25) the mixed AdS-AdS Lie algebra (1) can be rewritten as follows:
which is clearly a direct sum of four sl(2, R) algebras (i.e. the mixed AdS-AdS Lie algebra is isomorphic to sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R) ⊕ sl(2, R)). In terms of the new generators, we rewrite the Lie algebra valued gauge field (3) as follows:
µ W a , where we have:
Then, using x ± = ϕ ± t ℓ , and a suitable 2 × 2 matrix basis for the sl(2, R) algebras, we rewrite the anti de Sitter solution (17)- (19) as follows:
from which we see that h
, and then we have:
Using (26)- (28), the bi-gravity action (7) can be rewritten as a sum of four sl(2, R) Chern-Simons theories as follows:
where K ± = β 2 ,K = γ − β andK = α − β are levels of the Chern-Simons actions which three of them are independent, only [34] . Each of the Chern-Simons actions I cs (h ± µ ), I cs (h µ ) and I cs (h µ ) up to a surface term can be written as:
Variation of each of the Chern-Simons actions I cs (h ± µ ), I cs (h µ ) and I cs (h µ ) do not vanishes at the boundary, even when the equations of motion hold,
To obtain an action with zero variation (δI = 0), using (29) we add a surface term to the action (30) as follows:
where Σ is a two dimensional boundary. By variation of the action (32) with respect to the gauge fields h ± 0 ,h 0 and h 0 as Lagrange multipliers, one obtains four constraints, F ± 12 =F 12 =F 12 = 0, with the following solution:
where G i (t, r, ϕ), i = 1...4 are as follows:
where g i (t, ϕ), i = 1...4 are arbitrary elements of the Lie group SL(2, R) and we have:
Then, using (33)- (35) the surface term in (32) can be rewritten in the following form:
where g
, and the action (32) is given by
(m = 2, 3, 4) are chiral Wess-Zumino-Witten actions over SL(2, R) group which describe a left-moving group element g 1 (x − ) together with three right-moving group elements g 2 (x + ), g 3 (x + ) and g 4 (x + ), respectively, and have the following forms:
whereġ i ≡ g 
Thus far, we have shown that the bi-gravity model (7) has a dual CFT at the boundary of the AdS spacetime, which is the sum of four SL(2, R) WZW actions. It is obvious (by substituting α = γ = 0) that the other model (10) has also AdS 3 /CF T 2 correspondence at the boundary of the AdS spacetime.
A. Central charge of the conformal field theory
Now, we calculate the central charge "c" of the discussed two dimensional conformal field theory using the following relation: [28, 29] T r(
where T ij and R are the regularized quasilocal stress tensor (22) and scalar curvature of the boundary surface, respectively. R can be calculated using the following identity: [30] 
where G ij is the Einstein tensor, n i = 1 √ḡ rr δ i,r is a unit outward pointing normal vector to the boundary, and θ ij = − 1 2 √ḡ rr ∂ rγij is the extrinsic curvature of the boundary metricγ ij , which trace is θ =γ ij θ ij . Using the Fefferman-Graham expansion of the boundary metric [31] γ ij = r 2γ (0) ij +γ
one obtains the scalar curvature of the boundary surface at infiniry (r → ∞) as follows:
By use of the Fefferman-Graham expansion (41) we obtain the following relation:
using which together with (22) , trace of the regularized quasilocal stress tensor T ij reg at boundary (r → ∞) of the AdS spacetimes is given by
By inserting (42) and (44) in (39), one obtains the central charge of the boundary CFT as follows:
which is proportional to the mass (m) of the AdS solution (24):
where a negative mass of the AdS solution leads to a positive central charge. The same calculations show that the relation (46) is also valid for the ZDG model (15) . Indeed, the mass of the AdS solutionẽ a =γe a andω a = ω a of the ZDG model is m ZDG = −M p π(σ +γ), and the central charge of the boundary CFT for the ZDG model is c ZDG = 12πℓM p (σ +γ) [21, 23] .
IV. COSMOLOGICAL IMPLICATIONS
In this section, we study homogeneous and isotropic cosmology of our massless bi-gravity theory (7) by use of the Friedmann-Robertson-Walker (FRW) Ansatz for both metrics:
and
where a(t) and Y (t) are the spatial scale factors of the metrics g µν and f µν , respectively, and N (t) and X(t) are their lapse functions. The constant k in both metrics is the spatial curvature, whose negative, vanishing and positive values (k = −1, 0, 1) correspond to open, flat and closed universes, respectively. We use the FRW metrics (47)-(48) to solve the equations of motion (16) , and obtain the following (Friedmann) equations:
together with a relation between two scale factors as:
and the following relations for spin connection fields:
where ℓ −2 = −Λ,l −2 = −Λ, and dot denotes the time derivative (ȧ ≡ da dt ,ä ≡ (50), we obtain the following relation for X(t) in terms of the scale factor a(t):
which implies that we have an open universe with negative spatial curvature (k = −1), where the radial coordinate r is defined on 0 ≤ r < +∞. The Friedmann equations do not restrict the lapse function N (t) and the scale factor a(t) of the FRW metric (47), and then N (t) and a(t) are arbitrary functions of the timelike coordinate t. In what follows, we discuss three different possible selections of the scale factor a(t), and the lapse function N (t).
V. CONCLUSIONS
We have introduced a new Lie algebra in (2+1)-dimensional spacetime which has a pair of AdS subalgebras. By gauging the algebra, we have proposed a new Chern-Simons bi-gravity model in 2+1 spacetime dimensions which describes two interacting massless spin-2 fields [35] . We have shown that the model has a dual CFT at the boundary of the AdS space-time such that its central charge is proportional to the mass of the AdS spacetime. Our bi-gravity model admits some homogeneous and isotropic FRW cosmological solutions with some different scale factors, which describe both accelerating and decelerating universes. Study of (3+1)-dimensional version of the mixed AdS-AdS Lie algebra, and resultant (3+1)-dimensional gauge invariant interacting model and its cosmological implications is also a useful task which may have interesting features. Chern-Simons formulation of our interacting model simplifies its quantization, which may be interesting in the context of the quantum gravity.
